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A genera l i za t ion  of a p a r a m e t r i c  method developed e a r l i e r  for the calculat ion of the dynamic 
boundary l aye r s  is p resen ted  for  p rob l ems  of the unsteady l amina r  t he rma l  boundary layer .  

A genera l i za t ion  of the p a r a m e t r i c  method of Loi tsyanski i  [1] to p rob l ems  of the t he rma l  boundary 
l ayer  was accompl i shed  by Dur ic  [2]. Fo r  a solution of the equation of the t he rma l  boundary l ayer  the 
author  used a p a r a m e t r i c  method which he developed e a r l i e r  for calculat ing the unsteady dynamic l aye r  
with a veloci ty  at the outer  boundary which va r i e s  according  to the law U(x, t) = v(xL~(t). In [3] this s ame  
method is used to study the t h e r m a l  boundary l aye r  nea r  the leading c r i t i ca l  point of a heated cyl inder  se t  
into motion by an impulse ,  with the r e su l t s  of the calculat ion being in good ag reemen t  with data obtained 
by  a method of s u c c e s s i v e  approx imat ions  [4] s i m i l a r  to the Blasius  method for  the dynamic p rob lem.  

In the p r e s en t  work the r e su l t s  of the p a r a m e t r i c  method p resen ted  in [5] a r e  used to solve the equa- 
t ion of the t h e r m a l  unsteady l am i na r  boundary l aye r  in an incompres s ib l e  fluid. 

1. The equation of mot ion of a flat unsteady l amina r  boundary l aye r  in an incompres s ib l e  fluid for  
a s t r e a m  function ~ has the f o r m  

OZr + 0r 02r 0r 02r = O + UU' + v 0~r 
OtOg Og OxOg Ox OV 3 Oy 3 ' 

r  0 r  at y = O ,  0_~r t ) a t  V = o o ,  
Oy Og 

Og u o (x , y )  at t = t o ,  ~-y =u1(t,  y) at x = x  0. 

Here  and a f t e rward  the p r i m e  and the dot above a l e t t e r  denote par t i a l  de r iva t ives  with r e spec t  to x and t, 
r e spec t ive ly .  

If it is r equ i red  to d e t e r m i n e  the t e m p e r a t u r e  field in the fluid, then to the s y s t e m  (1) is added the 
energy  equation, which in the given case  can be wr i t ten  as follows: 

O--~ Oy Ox Ox Oy Pr Of  c-~ ~, ~ ) c-~ (O + UU') U - -  0r �9 O ~  , 

with the boundary conditions 

a )  T- - - -T~(x ,  t) or  b) 
OT 
~- -=q~ , (x ,  t) at y = 0 ,  T = T |  at  y = o o ,  
oy 

T = T  0(x, y) at t = t 0 ,  T = T  l(t, g) at x = x  0. 

The condition a) is  used in the p re sen t  a r t i c l e ,  i . e . ,  Eq. (2) is solved for  the case  when the wall 
t e m p e r a t u r e  T w is given, although the solut ion of the p rob lem with the heat  flux qw given --  condition b) 
- -  can  be obtained in a s i m i l a r  way. 
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The  l a s t  two t e r m s  in (2), which  have  the  o r d e r  of t he  E c k e r t  n u m b e r  (Ec = U 2 / c p A T ) ,  t ake  in to  
a c c o u n t  the  hea t  p r o d u c e d  n e a r  the  s u r f a c e  of t he  body  t h r o u g h  v i s c o u s  d i s s i p a t i o n  and c o m p r e s s i o n ,  r e -  

s p e c t i v e l y .  It m u s t  be noted tha t  t h i s  f o r m u l a t i o n  of t he  p r o b l e m ,  when the p h y s i c a l  p a r a m e t e r s  of t he  
f luid a r e  a s s u m e d  to  be  cons t an t ,  is  v a l i d  only in a v e r y  n a r r o w  r a n g e  of t e m p e r a t u r e  d r o p s  AT = Tw 
- -  T~o and a t  s m a l l  v e l o c i t i e s  U~ of the  i n c o m i n g  s t r e a m .  F o r  e x a m p l e ,  fo r  a i r  u n d e r  s t a n d a r d  cond i t ions  
one can  t ake  u = eons t ,  P r  = cons t ,  and  p = cons t  wi th  an  e r r o r  of 5% only wi th in  the  l i m i t s  of AT -< 15 ~ 
and Uoo -< 100 m / s e c ,  and fo r  l i qu ids  the  r a n g e  of AT i s  even  s m a l l e r  b e c a u s e  of the  s h a r p  t e m p e r a t u r e  
d e p e n d e n c e  of u and P r .  F o r  the  l a t t e r  the  i n t e r v a l  AT can  be  widened  s o m e w h a t ,  h o w e v e r ,  i f  in  the  e q u a -  
t ions  one u s e s  the  v a l u e s  of the  p h y s i c a l  p a r a m e t e r s  t a k e n  a t  s o m e  m e a n  d e t e r m i n i n g  t e m p e r a t u r e  T *  out 
of the  g i v e n  i n t e r v a l  AT.  Wi th  such  a t e m p e r a t u r e  d r o p  and in  the  c a s e  of m o d e r a t e  v e l o c i t i e s  50 m / s e c  
-< U~o -< 100 m / s e c  fo r  the  i n c o m i n g  s t r e a m  the  E c k e r t  n u m b e r  v a r i e  s in  the  r a n g e  of 2 /3  >- Ec ~ 1 /6 ,  and 
t h e r e f o r e ,  i t b e c o m e s  n e c e s s a r y  to  a l l o w  for  the  l a s t  two t e r m s  in  Eq.  (2). 

2. F i r s t  l e t  us  c o n s i d e r  the  t r a n s f o r m a t i o n  of the  equa t ion  (1) fo r  the  d y n a m i c  b o u n d a r y  l a y e r ,  
which  i s  p o s s i b l e  b e c a u s e  of i t s  s e l f - s i m i l a r i t y .  Let  us  w r i t e  t he  i n t e g r a l  m o m e n t u m  equa t ion  fo r  the  u n -  
s t e a d y  b o u n d a r y  l a y e r .  We have  

1 85" O" 6" a6** U'  
U at ~ u ~ -  + Ox u (26** + 6*) = ~__v__~ (4) pU 2 ' 

w h e r e  

6*(x,O=. ,1--~ ev;6**(x,O =. u - , l -  dy;~(x,O=~.~=o. 
0 0 

We i n t r o d u e e  the  d i m e n s i o n l e s s  c h a r a c t e r i s t i c  funct ions  

0 

where h(x, t) is some characteristic linear scale of the transverse coordinate in the boundary layer. Then 

with  the  he lp  of the  new d i m e n s i o n l e s s  v a r i a b l e s  

(P (~1, fk~, g ) =  B~  (x, g, t) By  
u ( x , t )  h ( x , t )  ; ~ :  h ( x , t )  ' (6) 

a s  we l l  a s  the  in f in i t e  s e r i e s  of p a r a m e t e r s  

fh,~ = Uk--~ Ok+'~U zk+ ~ (k, n = O, 1 2, . . )  (7) 
Ox ~ at~ ' �9 

(z  = h2,/u) and the  c o n s t a n t  p a r a m e t e r  

g : z : const (8) 

Eq.  (1) i s  r e d u c e d  with  the  u s e  of (4) to  the  " u n i v e r s a l "  f o r m ,  u n i v e r s a l  in  the  s e n s e  tha t  n e i t h e r  the  
equa t ion  i t s e l f  no r  i t s  b o u n d a r y  cond i t i ons  wi l l  depend  e x p l i c i t l y  on U(x, t ) .  

We can  w r i t e  the  " u n i v e r s a l "  equa t ion  in  the  f o r m  

, - -  c)fhn&q + n (fkn, g) 
" k , n ~ O  

/" a)l Ofk~O~l &l  2 a f ~  ' 
a(p 

m . . . . . . .  0 at  ~ ] = 0 ,  aqp ~ 1 a t  ~ l - - co ,  
a,l & l  

----%('1) at  g = f k ~ = 0  (k, n = 0 ,  1, 2 . . . .  ), 

(9) 

w h e r e  ~00(~) is  the  B l a s i u s  s o l u t i o n  fo r  the  s t e a d y  b o u n d a r y  l a y e r  a t  a p l a t e ;  

E (fk, ~, g) -- [(k - -  1) fo~fh ~ -~- (k + n) fk,~g -:~ fk,~+~], D (fk,~, g) = [(k - -  1) f:.ffh,~ -!- (k 4- n) f h , f  + h+~,~], ( lo)  

whi l e  the  func t ion  F(fkn,  g) i s  d e t e r m i n e d  f r o m  the  equa t ion  
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I- 
F --  [~  f l o ( 2 H * * : H * ) - - ( f o , * , g / 2 ) H * * - -  

oo 

�9 = [ afhn - -  [(k--  l)fxefun-r- fh+l,,.] afnn j X 

• T (/~ -v n) f~,, , (11) 
k,n~O 

which is obtained by a t r a n s f o r m a t i o n  of Eq. (4). 

We note tha t  Eq. (7) is exac t  fo r  a b r o a d  c l a s s  of ve loc i t i e s  U(x, t) fo r  which z = At - C(x), where  
A is an  a r b i t r a r y  cons tan t ,  and C(x) is s o m e  funct ion of  the longitudinal  coord ina te .  

�9 3. F o r  the  so lu t ion  of the p r o b l e m  of the  t h e r m a l  bounda ry  l a y e r  we in t roduce  into the d i s c u s s i o n  
the  d i m e n s i o n l e s s  t e m p e r a t u r e  0: 

0(x, y, t ) =  T - - T .  (12) 
T~ - -  Too 

and as  a supp l emen t  to  the  p a r a m e t e r s  (7) and (8) the infinite s e r i e s  of  p a r a m e t e r s  
U i O~+iff 

I i j =  z i+i (i, j = O ,  I, 2, ), (13) 
,~ Ox~Oti " " " 

w h e r e  ~ = T w --  T ~ .  In p a r t i c u l a r ,  the f i r s t  p a r a m e t e r s  of this s e r i e s  will  be 

l l o =  U #'z;  lol = ~ z. (14) 

We note tha t  a c o r r e s p o n d i n g  value  c h a r a c t e r i z i n g  the dynamic  l a y e r  (z = z d) is used as  the t r a n s -  
v e r s e  s ca l e  of the  t h e r m a l  bounda ry  l a y e r .  This  means  that  the p r e v i o u s  h i s t o r y ,  e x p r e s s e d  by the las t  
two equal i t ies  in (3), is  not  t aken  into account .  Thus ,  if  in  the p r o b l e m  one is r e q u i r e d  to  s tudy the de-  
ve lopmen t  of  the t e m p e r a t u r e  p ro f i l e  g iven  at  s o m e  " ini t ia l"  c r o s s  s ec t i on  of the l a y e r  and the t e m p e r a -  
t u r e  field in it at  the  s t a r t i n g  t ime ,  then  b e c a u s e  of the pa r abo l i c  na tu re  of the  b o u n d a r y - l a y e r  equat ion a 
so lu t ion  in p a r a m e t r i c  fo rm is pos s ib l e  only at  a ce r t a in  d i s t ance  f r o m  the  " ini t ia l"  c r o s s  sec t ion  and f r o m  
the  s t a r t i n g  t ime .  

We will s eek  a so lu t ion  for  Eq. (2) with the c o r r e s p o n d i n g  bounda ry  condit ions f r o m  (3) in the fol low- 
ing f o r m :  

U ~ 
T = T ~ + ( T  w T~)O~(~], fa,~, l~, g ) - :  O~Ol, f~,,~, g). (15) 

Cp 

Then,  changing  in Eq.  (2) to the  d i m e n s i o n l e s s  funct ions ~0 and 0 and the  new va r i ab l e s  ~, fkn, and / i j  and 
the  va lue  g, which p lays  the r o l e  of a cons tan t  p a r a m e t e r ,  and in a c o r r e s p o n d i n g  way sepa ra t ing  the equa-  
t ions  and bounda ry  condi t ions  obtained in the c o u r s e  of  the t r a n s f o r m a t i o n ,  we find the following equat ions  

for  01 and ~2: 

B~ a~91-- @ f lO - -  F q~ -~- + gl] ~ 101 -~ 
Pr &l ~ . Orl ,/ 

( 001 ao~ aq~ ooi 
k,a~O 

0 , = 1  a t  ~ = 0 ,  0 , = 0  at , ] = o o O  t=01001, g) 

w h e r e  010(~, g) is the  so lu t ion  of the  equa t ion  when l i j  = fkn = O; 

Pr Orl 2 + f~o 2 ] ' - 2 - - q g  &l 
,,o 

ao~ 00. ocp Dh ~ ff 
= ~ 2  Ekn "" - - -  

.g,,d Of k,, all Of k,, 
k,n==O 

-- B~ ( ~ ~ ~ 

ah~ +~,.= , ~ +N" on Olij 
(16) 

at  l i j : f h ~ = 0  (k, n, i, ] = 0 ,  1, 2 . . . .  ), (17) 

---- 2 (f01 +flO ~ a~_ 02= aq)) 
aq~ oo_. ) 
Orl 0[~,~ Dn'~ 

-.,.o+.(.- (is) 

2 0 2  
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Fig. i. Dependence of characteristic functions of the 
dynamic boundary layer on the parameter f10. 

0 ~ = 0  at ~ = 0 ,  0 2 = 0  as ~t-~ ~:, 

0~=0~0(~, g) at  r ~ = 0  (k, n = 0 ,  1, 2, . . .),  (19) 

w h e r e  020(~, g) is the so lu t ion  of the equat ion at fkn = 0. 

F o r  Lij and Nij we have the e x p r e s s i o n s  

Lii = [q01 - -  101 + (i --' ]) g] lij --  li,j+1, 

N u  = [iflo - -  l~o 4- (i 4- ])Fl l u 6- l~+~,j. 

The equat ions  and bounda ry  condi t ions  (16)-(19) do not depend expl ic i t ly  on the f o r m  of the funct ions Tw(x , 
t) and U(x, t), and in this  s ense  they can  be ca l led  "un ive r sa l "  just  tike Eq. (9). 

F o r  the d e t e r m i n a t i o n  of the heat  flux at the walt  we wr i te  the equal i ty  

where 

- 0 O  i I 

Let  us in t roduce  into the  d i s c u s s i o n  the Nusse t t  n u m b e r  

( i = 0 ,  !, 2). 

where  

O~ (X, O h ( x ,  t) 
NUh= = 'qw'"  = - -~T1,  (21) 

L LAT 

U 2 ~T2 
AT = T~ - -  T~ 4- - -  - -  (~r l~0) .  (22) 

Cp ~Tl 

As a r e s u l t  we have  the fol lowing e x p r e s s i o n  for  the heat  flux at the wal l :  

qw = ~ AT(x, t) Nuh. (23) 
a(x, t) 

Equat ions  (9), (16), and (18) a r e  in teg ra ted  once and for  al l  fo r  a fixed value of the P rand t l  n u m b e r  
in the m - p a r a m e t r i c  app rox ima t ion .  The  c h a r a c t e r i s t i c  funct ions Obtained in this ca se  can  be used  fo r  
the a p p r o x i m a t e  so lu t ion  of p r o b l e m s  having an  a r b i t r a r i l y  a s s i g n e d  ve loc i ty  U(x, t) and t e m p e r a t u r e  Tw(x, 
t) e x p r e s s e d  th rough  suff ic ient ly  smoo th  funct ions .  B e f o r e  the in t eg ra t ion  of the equat ions  it is n e c e s s a r y  
to  choose  s o m e  c h a r a c t e r i s t i c  value  as  the s ca l e  h(x, t) of the t r a n s v e r s e  coord ina te  in the boundary  l a y e r .  
It is .convenient to choose  h = 6 , * ,  w h e r e  H** = 1, H* = 6*, /5** = H, and Eq. (11) takes  the f o r m  

co 

k,n~0 

2 0 3  



-tyo -a,,o5 
I 

o t 

F i g .  2. D e p e n d e n c e  of t he  r e d u c e d  c o e f f i c i e n t s  ~T1 
and ~T2 of the  hea t  f luxes  a t  the  wa l l  a t  P r  = 0.72 on 
the  p a r a m e t e r  fl0: a) when  101 = v a r  and lI0 ='f01 = g 
= 0.05 fo r  ~T1; f01 = v a t  and t~0 = 101 = g = 0.05 fo r  ~T2; 
b) when 110 = v a r  and  ~0t = f0t = g = 0.05 fo r  ~T1; g 
= war and  Zl0 = 101 = f01 = 0.05 fo r  ~T2. 

4 .  Equa t ions  (9), (16), and  (18) w e r e  s o l v e d  in  a l o c a l  a p p r o x i m a t i o n  in  which  the  p a r a m e t e r s  fl0, f01, 
g,  ~10, and  /01 w e r e  r e t a i n e d  and a l l  the  r e s t  of the  p a r a m e t e r s  and  the  d e r i v a t i v e s  wi th  r e s p e c t  to  the  
p a r a m e t e r s  w e r e  d i s c a r d e d .  In t h i s  c a s e  t he  i n d i c a t e d  equa t ions  t ake  the  f o r m  

B~ d3q~ + (F-+-2[,o)r d2tP + ~ o  1 ,'.--for 1 
an 3 2 d~l ~ - -  - -  

d~p = O, dcp cp=  = 0  at  ~1 -~ 1 a s  ~1-+oo, 
dn d~ 

= % 01) a t  flo = [ol = g = 0, (25) 

w h e r e  ~a0(~) i s  t he  B l a s i u s  s o l u t i o n  fo r  the  s t e a d y  b o u n d a r y  l a y e r  a t  a p l a t e  and  B = 0.47; 

B~ d~01 {- f l o +  F ~o , 2 g - ~ - -  l~  
Pr drl ~ drl ] 

0t-----1 a t  ~1=0, 0 1 = 0  as  ~l-+oo. 

H e r e  01 i s  t he  s o l u t i o n  of the  p r o b l e m  of coo l ing  of the  wa l l ;  

B* d~O*-+ Txo+ F r ~ - -  drlJ 
Pr drl ~ . " 

0 ~ = 0  a t  ~1=0,  0 ~ = 0  as  ~ 1 - - ~ ,  
w h e r e  02 i s  t he  s o l u t i o n  of  t he  p r o b l e m  of t he  d i s s i p a t i o n  of m e c h a n i c a l  e n e r g y  in  t h e  b o u n d a r y  l a y e r  
t h r o u g h  f r i c t i o n  and c o m p r e s s i o n .  In  t he  a p p r o x i m a t i o n  a dop t e d  the  func t iona l  F in  the  equa t ions  i s  c a l -  
c u l a t e d  f r o m  the  e q u a t i o n  

T h e  s y s t e m  of equa t i ons  (25)- (28) was  i n t e g r a t e d  fo r  the  v a l u e s  P r  = 0.72 and P r  = 1 on a B E S M - 2  
e o m p u t e r  by  the  t r i a l - r u n  m e t h o d  wi th  i t e r a t i o n s .  G r a p h s  of the  c h a r a c t e r i s t i c  func t ions  w e r e  c o n s t r u c t e d  
a s - a  r e s u l t  ( F i g s .  1 and 2). C u r v e s  of  t he  d e p e n d e n c e  of  the  c h a r a c t e r i s t i c  func t ions  ~, F ,  and  I-I on the  
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p a r a m e t e r  fl0 for  a number  of values  of the uns teadiness  p a r a m e t e r  f01 and at a fixed value of the p a r a m -  
e t e r  g = 0.05 a r e  shown in Fig. 1. In the range  of va r i a t ion  of the p a r a m e t e r s  of --0.1 -< f0~ -< 0.1 and 
--002 -< g -< 0.2 and of fl0 f r o m  the value at the leading c r i t i ca l  point to the value at the sepa ra t ion  point 
the functional F can be approx imated  with a sufficient  degree  of a ccu racy  by the l inear  dependence 

F = 0.44--5,3/10 - -  1.65/0 ~ _ 2,1g. (29) 

The  function ~T2 d e c r e a s e s  upon approach  to the sepa ra t ion  of the boundary l aye r  and upon slowing 
of the s t r e a m  (Fig. 2a). These  effects  can eas i ly  be explained if one r eca l l s  that ~T2 depends on the d i s -  
s ipa t ion  of mechanica l  ene rgy  in the boundary l aye r .  The effect  on ~T2 of the p a r a m e t e r  g is insignificant 
(Fig. 2b) and shows up noticeably only in the d ivergent  region of the boundary l aye r .  The function ~T1 de-  
pends weakly on the p a r a m e t e r s  g, f01, and lI0 (Fig. 2b). The effect  of fl0 shows up noticeably only in the 
convergent  reg ion  of the boundary l aye r ,  with the absolute value of ~T1 dec reas ing  with an i nc r ea se  in fi0 
(Fig. 2). In the range  of va r i a t ion  of the p a r a m e t e r s  f01, fl0, and g indicated above and in the l imi ts  of 
va r i a t ion  of --0.1 -< 110 -< 0.1 and --0.1 <- 10t -< 0.1 the functions ~T1 and ~T2 can be r ep re sen t ed  by the fol-  
lowing dependences for  P r  = 0.72: 

~r, = - -  0.196 - -  1.58/0i ~ 0.575/i0-- 0. lg + 0.55/10 + 0.25/01, (30) 

~r2 -- o.os5 § 1.sf,0 -i- 1.2fo~ + o.o5g, (31) 

where  in the p re sen t  approx imat ion  the next to las t  and the las t  t e r m s  in Eq. (30) a r e  taken into account 
only in the convergent  sect ion of the boundary l aye r  and in the p r e s e n c e  of acce le ra t ing  s t r e a m s ,  r e s p e c -  
t ively .  

5. The results of the calculations were used to solve two particular problems: on the boundary 
layer at an infinite plane and near the leading critical point of a round cylinder during motion by an im- 
pulse. 

a) Impulse motion of an infinite plane is characterized by the conditions 

Uowhent > 0, T!g=0---- I Twwhent > 0, m ~ 
L 0 at t=0, L ai t = 0  

Then fi0 = f01 = 0, and from (29), seeing that F = 0, we obtain g = ~ = 0.21, while for z = 5"'2/v we find 
6** ~- 0.457 ~v~. In the ease when Pr = 0.72 and AT = T w -- T~o = const, using (20), (30), and (31) we ob- 
tain an expression for the heat flux at the wall, 

The exact  solution [4] gives 

AT ( 
q~=0.475~,-!.__/ 1 - - 0 4 3 8  cpAT/" 

AT "(1 U ~  t q~ : 0.479k ~ ~ 0.443 cvAT} . 

With the help of additional calculat ions not p resen ted  in the a r t i c l e  an expres s ion  was obtained for the heat  
flux at the wall  for  the values 0.6 -< P r  -<-< 1.1: 

U2 , q~ = 0,560~ AT I - -  0.5 0 pr0.36 I Pr ~ 

b) The impulse  mot ion near  the leading c r i t i ca l  point of a round cyl inder  is cha rac t e r i zed  by the fol-  
lowing conditions : 

U(x, t ) =  /U0xwhent> 0, - tT~ w h e n / > 0 ,  
[ 0 at t = 0 ,  T!u=0--(T~ at t = 0 .  

Using Eqs.  (20) and (29), as well as approximat ions  of the c h a r a c t e r i s t i c  functions ~Tl and ~T2 obtained 
f r o m  graphs  cons t ruc ted  for  the ease  of P r  = 1 and AT = const,  we find the expres s ion  for  the Nussel t  
number, 

. Nu~ _ q~x _ v <  =3 . 48 [ i_exp (_2 . 55~) ]  2 • (32) 
l / - ~  )~AT Uox- 

• [0.1716 - -  Ec o x~0.249 + exp (--  2.55 t)(0,0934 + Ec0x~0.118)], 

where  Ec 0 = U~/opAT; t ' =  U0t,R; x = x /R .  Then as t ' ~  ~ and, neglecting the heat produced through f r i c -  
t ion and compress ion ,  NuxRexl '2 = 0.596 as eompared  with the value 0.570 found f rom the exact  solution 
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([6], p. 286). If in Eq. (32) the square  b r acke t  is equated to zero,  then one de t e rmines  the moment  when 
the hea t  flux changes s ign at  a ce r t a in  p lace  on the su r face :  

OT /-2.0 
O~j l u--0 = 0 at the poin_tx = V ~ a t  the t ime  t-= O, 

0 r  . / - 0 L ~ -  
] := 0 at the point x = V-E-~- . ,  at the t ime t-= co 

Oy ~=0 . . . .  

Thus,  the heat  flux changes  s i g n  in the course  of t ime  within the in te rva l  

' 0.69 - 1//-2--~ 1 /  
V E% 

F r o m  the exact  solution [4] it was found that 

/ / 0 . 274  . P2--fi- 
; < V " (34) 

We note that  the solut ion of [4] is valid only for  shor t  t imes ,  and the re fo re ,  one can a s s e r t  that only 
the upper  l imit  of the inequali ty (34) is obtained with a sufficient  deg ree  of a c c u r a c y .  

x, y 

U and T~o 
r 

T 
Tw 
~0 
0 
U, V 

q 

P 
i2, u 
P r ,  Nu, Ec 
t 
Cp 
h 
z = h2/v; 

F, H* ,  H**,  and H 
6"  
6** 

TW 

~T1, ~T2 
B 

fkn, g, / i j  
R 
U0 

N O T A T I O N  

a r e  the longitudinal and t r a n s v e r s e  coordinates  in the boundary layer ;  
is the d imens ion les s  t r a n s v e r s e  coordinate ;  
a r e  the veloci ty  and t e m p e r a t u r e  at the outer  boundary of the boundary layer ;  
is the s t r e a m  function; 
is the t e m p e r a t u r e ;  
is  the wall  t e m p e r a t u r e ;  
is the d imens ion les s  s t r e a m  function; 
is the d imens ion les s  t e m p e r a t u r e ;  
a r e  the p ro jec t ions  of veloci ty  in the boundary l aye r  onto the x and y axes ,  r e s p e c -  
t ive ly ;  
is the heat  flux; 
is  the fluid densi ty;  
a r e  the dynamic  and k inemat ic  v i scos i ty  coeff ic ients ;  
a r e  the Prandt l ,  Nussel t ,  and Ecker t  numbers ,  r e spec t ive ly ;  
is the t ime;  
is the heat  capaci ty  at constant  p r e s s u r e ;  
is the sca le  of t r a n s v e r s e  coordinate  in the boundary l aye r ;  

a r e  the c h a r a c t e r i s t i c  functions; 
is the d i sp l acemen t  th ickness ;  
iS the th ickness  of m o m e n t u m  loss  ; 
is  the su r f ace  f r ic t ion  s t r e s s ;  
is the reduced  coefficient  of fr ict ion;  
a r e  the reduced hea t - f lux  coeff ic ients ;  
is the normal iz ing  factor ;  
a r e  the d imens ion less  p a r a m e t e r s ;  
is the radius  of the cyl inder ;  
is the veloci ty  of incoming flow. 
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